HOMOGENEOUS TORIC BUNDLES 
WITH POSITIVE FIRST CHERN CLASS 

FABIO PODESTA AND ANDREA SPIRO 



Abstract. A simple algebraic characterization of the Fano manifolds in the 
class of homogeneous toric bundles over a flag manifold G c /P is provided in 
terms of symplectic data. 



1. Introduction 

In this paper we focus on a particular class of homogeneous bundles M , hav- 
ing a compact toric Kahler manifold F as fiber and a generalized flag manifold 
G c /P = G/K as basis, where G is a compact semisimple Lie group, G c its com- 
plexification and P a suitable parabolic subgroup of G c . More precisely, we consider 
a surjective homomorphism r : P — > (T m ) c , where T m is an m-dimensional torus 
acting effectively on the toric Kahler manifold F, dime F = m, by holomorphic 
isometries; we then define M to be the compact complex manifold M — G c x p T F. 
Any manifold of this kind is a toric bundle over G c /P (see ^2]) with holomor- 
phic projection ir : M — > G /P and it is almost G -homogeneous (see [B]) with 
G-cohomogeneity equal to m. We will call any such manifold a homogeneous toric 
bundle. 

The homogeneous toric bundles appear to be direct generalizations of the CP 1 - 
bundles over flag manifolds studied in [E3 EB EU M H El These CP ^bundles are 
known to be Kahler-Einstein if and only if they are Fano and their Futaki functional 
vanishes identically (E3E3)i moreover they always admit a Kahler- Ricci soliton 
metric, provided the first Chern class is positive (see We also mention 

that for toric bundles a uniqueness result for extremal metrics in a given Kahler 
class is proved in jj). 

Aiming at investigating the existence of Kahler-Einstein metrics and, more gen- 
erally, of Kahler-Ricci solitons in the class of almost homogeneous toric bundles, 
in this paper we are interested in finding simple conditions on G c /P, F and the 
homomorphism t which guarantee that the above defined manifold M has positive 
first Chern class. 

In order to state our main result, we first need to fix some notations. 
Let J be the G c -invariant complex structure on the flag manifold G c /P = G/K 
and let C be the corresponding positive Weyl chamber in the Lie algebra 3(1) of the 
center Z(K) of K (see e.g. §2, for the definition). We will also use the symbol C v 
to denote the chamber in 3(f)*, which is the image of C by means of the dualizing 
map X 1— > —B(X, •), where B is the Cartan Killing form on the Lie algebra g of G. 
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It is well known that G c /P admits a unique G-invariant Kahler-Einstein metric 
g with Einstein constant c = 1 (see e.g. [XJ): We set p : G c /P — ► g* to be the 
moment map relative to the Kahler form uj — g(J-, •). 

If F is supposed to be Fano, the Calabi-Yau theorem implies that for any T m - 
invariant Kahler form p € c\ (F) , there exists a unique Kahler form co p in c± (F) such 
that p is the Ricci form of u p . In particular, also lj p is T m -invariant. Moreover, since 
b\ (F) = there exists a moment map p p : F — > t* relative to p, uniquely determined 
up to a constant. We will say that p p is metrically normalized if J F pipU)™ = 0. In 
§4, we will show that the convex polytope Ap = p p (F), which is the image of a 
metrically normalized moment map p p , is actually independent of p and it can be 
explicitly determined just using the T m action. 

Finally, for any given homomorphism r : P — > (T" l ) c , we set p7 = f (t|j(j))* o p p . 
Notice that the map p7 p is a moment map for the action of Z(K)° on F induced by 
r, and its image is the convex polytope A T: p = (t\ } ^)* (Ap) C Our main 

result can be now stated as follows. 

Theorem 1.1. Let F be a toric Kahler manifold of dimension m. Then, for any 
homomorphism r : P — > (T m ) c , the manifold M — G c xp T F has positive first 
Chern class if and only if F is Fano and 

p(eP) + A T: p C C v . (1.1) 

Later we will also show that there is a simple algorithm to determine Ap and 
that (1.1) can be reformulated in a finite number of algebraic conditions, which are 
suited for computations (see §6). 

We mention here that the proof of our main result originates from an idea for 
computing the first Chern class, which goes back to an d 0. In a forthcoming 
paper we will provide explicit computations for the generalized Futaki functionals 
of homogenous toric bundles and we will attack the existence problem for Kahler- 
Einstein and Ricci solitons in this class of Kahler manifolds. 

1.1. Notations. For any Lie group G, we will denote its Lie algebra by the cor- 
responding gothic letter g; given a Lie homomorphism r : G — + G', we will always 
use the same letter to represent the induced Lie algebra homomorphism r : g — > g'. 
If G acts on a manifold M, for any X e g, we will use the symbol X to indicate the 
induced vector field on M; we recall here that [X, Y] = — [X, Y] for every X, Y S g. 
We denote by M rcg the set of G-principal points in M. 

The Cartan Killing form of a semisimple Lie algebra g will be always denoted by 
B and, for any X S g, we set X v = —B(X, ■) € g*; given a root system R w.r.t to 
a fixed maximal torus, we will denote by E a S g c the root vector corresponding to 
the root a in the Chevalley normalization and by H a = [E a , E— a ] the Z?-dual of a. 



2. Preliminaries 

Throughout the following we will denote by G a connected compact, semisimple 
Lie group and by V — G/K a generalized flag manifold associated to G. If we 
fix a G-invariant complex structure Jy on V, then the complexified group G c acts 
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holomorphically on V, which can be then represented as G c /P for some suitable 
parabolic subgroup P. 

We recall that the Lie algebra g of G admits an Ad(X)-invariant decomposition 
g = i © m and that, for any fixed CSA f) C i of g c , the corresponding root system 
R admits a corresponding decomposition R = R a + R m , so that E a S t c if a S i? 
and -E Q €E m if a € i? m ; furthermore, Jy induces a splitting i? m = i?+ U i?~ into 
two disjoint subset of positive and negative roots, so that the Jy-holomorphic and 
Jy-antiholomorphic subspaces of m c are given by 



m (i,o) = 



The Lie algebra p of the parabolic subgroup P is p = t c + m^ 0,1 ). It is also well- 
known that G c is an algebraic group and P an algebraic subgroup. 

Finally, we recall that for any G-invariant Kahler form uj of V there exists a 

uniquely associated element Z^ E 3(t) so that uj(X,Y) = B(Z LJ , [X, Yj) for any 

eK 

X,Y 6 g. Notice that, by (2.1) and the positivity of u, the element has to 
belong to the positive Weil chamber 

C = { W £ 3(«) : ia(W) > , for any a e i?+ } . 

Moreover, a straightforward check shows that the moment map /j,^ : 1^ — > g* 
relative to u is given by fi u (gK) = (Ad ff Z w ) v for any gK S V. We recall also 
that the G-invariant Kahler-Einstein form uy on V with Einstein constant c = 1, 
is determined by the associated element (see e.g. 

z v = - iH <* ■ ( 2 - 2 ) 

We will now focus on those flag manifolds G c /P — G/K for which there exists a 
surjective homomorphism t : P — > (T m ) c . Using the structure of parabolic sub- 
groups and the fact that (T m ) c is abelian, we see that t is completely determined 
by its restriction to K; moreover t\k takes value in T m and hence it is fully de- 
termined by its restriction to the connected component Z°(K) of the center of the 
isotropy K. We can therefore consider the algebraic manifold 

M = G C x P:T F = Gx K , T F , 

where P (or K) acts on F by means of r. 

The manifold M is a fiber bundle over the flag manifold G/K with holomorphic 
projection 7r; moreover G acts almost homogeneously, i.e. with an open and dense 
orbit in M, while G acts by cohomogeneity m with principal isotropy type (£), 
where L = ker r n G C K. 

We prove now the following Lemma, which will be useful and often tacitly used 
in the sequel. 

Lemma 2.1. If J denotes the complex structure of M , then 

Jm p = vhp 

for every p S tt~ 1 ([eK]) . 
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Proof. We know that m^ -^ C p and r c | m( o,i) = 0, so that m^ ' 1 ^ = 0. The 
vectors E a — E- a and i(E a + E- a ), a E R^, span m over the reals and 

J((E a - E_ a )\ p ) = J(E a \ p ) = iE a \ p = i(E a + E- a )\ p G m p . 

Similarly, J(i(E a + E- a )) G m p . ■ 

In the sequel (Zi, . . . , Z m ) will denote a fixed S-orthonormal basis of (kerr) 1 - n 



3. The algebraic representatives 



We recall that, if -0 is a G-invariant 2-form on M, for any p G M there ex- 
ists a unique ad 8p -invariant element F^^ p G Hom(g, g) such that B(F^ tP (X),Y) = 
ip p (X,Y) for any X, Y G g. Moreover, if ip is closed, it turns out that F^, iP is a 
derivation of g and hence of the form ad^ for some element belonging to the 
centralizer in g of the isotropy subalgebra g p (see e.g. [T31 ITU IPo] ) . 

So, in the following, for any G-invariant, closed 2-form ip, we will denote by Z^ 
the G-equivariant map Z^ : M —>■ g defined by 

MX,Y)=B([Z^\ P ,X},Y)=B(Z^\ P ,[X,Y]) foranyX,YG (3.1) 

and it will be called algebraic representative of ip. 

Notice that, in case ip is non-degenerate, the moment map fj,^ : M — > g* relative 
to ip coincides with the (— 2?)-dual map of the algebraic representative, i.e. fi^, = Z^. 
In fact, by the closure and G-invariance of ip, we have that for any vector field W 
on M and any X, Y G g 

= dtp(W,X,Y) = W(ip{X,Y))+ip(W, [Y,X]) = 

= W(^(X,Y)) +iP(W,^]) = B(W(Z^),[X,Y}) +^P(W,{x7y]) ; (3.2) 

since g = [g,g], it follows that d(Z^)(W)(X) = ip(W,X), which implies the claim. 

By G-equi variance, notice that any algebraic representative Z$ is uniquely deter- 
mined by its restriction on the fiber F = ix^ 1 (eK) C M. Such restriction satisfies 
the following. 

Lemma 3.1. Let ip be a G-invariant, J -invariant, closed 2-form on M . 

(a) // the restriction ip\p satisfies ip(Zj,m) = for 1 < j < m, then Z^\p is 
of the form Z^\p = X^=i f%Zi + 1^, where 1^ G t = Lie(kerr n G) and 

fi : F — » K are smooth functions. Moreover ip p (d Zj, Zi) — JZj(fi) for 

p 

any p G F and 1 < i,j < m and 1^ is constant; in particular, ip can be 
completely recovered by its algebraic representative Z^ (and hence by its 
associated moment map, if ip is non-degenerate); 

(b) ip is cohomologous to if and only if Z^\p — — ^2,.JZi(<p>)Zi for some 
K -invariant smooth function <p : F — ► R and, if this occurs, then ip = dd c (p. 
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Proof, (a) Since t = I + span{Zi, . . . , Z m }, [I, m] = m and 1\f = 0, we have that 
on F 

= V(«,m) =B(Z^[«,m])=B(Z^,m) ; 
hence takes values in 6 and has the claimed form. From (3.2) we have that 

for any X, Y £ q and any p 6 F, 

<M JZ l7 [X^]) = -6 ^ + J^(/ V ,)I P , 11 j • (3.3) 

On the other hand, 

m 

^ p (ji i jx,y]) = -^B([x,y],^ P (^,^)-V'p(^,J[^3Tm) , (3.4) 

where wc denote by (-) m the ,8-orthogonal projection onto m. Since m p is J-invariant 
and i/jp-orthogonal to span{Zi| p }, the second term of (3.4) vanishes and, from (3.3), 
we obtain 

m I m 

j=i ' \i=i 

Since [g,g] = g, we have that 

^(JZ h Z 3 ) = JZifj) , JZifa) = . (3.5) 

This together with the fact that Zi(I^) = 0, which is due to G-equi variance, implies 
that 1^, is constant on F and the first claim follows. Furthermore, formula (3.3) 
implies that if the map Z^\p = Yl^Li fi%i + I^p F is known, it is possible 

to evaluate ip p (X, Y) for any X, Y £ q c and p £ F; then, from almost homogeneity 
also the last claim of (a) follows. 

(b) Notice that in case tp is cohomologous to 0, then it is of the form ip = dd c 4> for 
some G-invariant real valued function 4>. Then, for any X, Y £ m, on F we have 
that 

dd c (f>{X, Y) = -X(JY(4>)) + Y{JX{4>)) + J[X, Y}{4>) = 

m 

= J[X,Y]{4>) =-J2B(Zu[X,Y])JZ i (<t>) . 

i=l 

It follows immediately that Z^\p = — 2j=i JZi(tfi)Zi. Conversely, if Z^\p = 
~ Si=i JZi{<j))Zi for some if -invariant function (j> £ C°°(F), then by (a) and the 
above remarks, ip = dd c <p, where we consider <fi as G-invariantly extended to M. I 

We want now to determine the algebraic representative of the Ricci form p of a 
given G-invariant Kahler form uj. In what follows, we denote by (F a , G a ) aeR + the 
basis for m given by the vectors 

1 i 
F a = -j= (E a — E^ a ) , G a — -j= (E a + E_ a ) 

with a £ Notice that, by definition of JvF a = G a and JyG a = — F a 

and that the complex structure J of M induces on m the same complex structure 
induced by Jy (see proof of Lemma |2TT) |. We order the roots in i?+ so to call them 
cti, C(2, etc., and we denote by Fj, 1 < i < m + \Rti\ tne elements of 6 defined by 
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Fi = Zi if 1 < i < m and Fi = F aim if m + 1 < i. Notice that, at any point 
p £ Ffl M reg the vector fields {Fj,JFj} are linearly independent and span the 
whole T p M. Finally, for any given Kahler form u>, let us also denote by h : M — > K 
the function 

h{q) = u n (F 1 ,JF 1 ,F 2 ,JF 2 ,...)\ q . (3.6) 
We claim that, at any point p E F, X(h)\ p = for any X € g. In fact, using 
£^-c<j = and C-^ J = 0, we have 

X(h)\ p = -Lj n {[X^F\], JF U F 2 , JF 2 ,...)- J[X^F\],F 2 , JF 2 , ...)- 

-uj n {F x , JF U [X^F 2 ], JF 2 , ...)-.. . • 
On the other hand, for any i, 

[X, Fi] G [ + span{Fj, j ^ i } + span{ J V F 3 , j >m+l} . 
and this implies that 

w n (A, ■ • • , [*Tf)]> JF,-, . . . ) = ^ n (A, • • ■ , JFj-uFj, J[X^], . . . ) = 

and hence the claim. We may now prove the following. 

Proposition 3.2. The restriction to F reg — FnM reg of the algebraic representative 
Z p of the Ricci form p of a Kahler form oj is 

z P =£ J -M^m Zl+Zv , (3 . 7) 

i=l 

where h is the function (3.6) and Zy E 3(6) is the element defined in (2.2) . Fur- 
thermore, if Z u — fiZi+I u is the restriction to F of the algebraic representative 
of uj, then the function h is 

m 

h = K ■ dct (f id ) ■ (£] aift + b a ) , (3.8) 

where /jj = JZj(fi), a l a = a(iZi), b a — a^il^f) and K is a real constant. 

Proof. We first show that p\p{Zj,ra) = 0. We recall that by Koszul formula (see 
e.g. n, p. 89) 

- - iCr^ ] ui n {Fi,JFi,F 2l JF 2 ,...) 
pJX,Y)=~ J[X ' Y K „ x (3.9) 

for every p E F leg and X, 7 e g. On the other hand, we claim that for any W E m, 

£ JV ^"| F = . (3.10) 

In fact, 

B([W,F ak ],G ak ) = B(W, [F ak ,G ak ]) = B(W,iH ak ) = . 

So, for any Fj with j > m + 1, [W, F^] has trivial component along JF,- and 
J ^[W, Fj]^ has trivial component along Fj. This implies that 

iu n (F u . . . , jrw, Fj], ...)= co n (F 1 , . . . , J[VK, .IF....: I). 
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Moreover, when 1 < i < m, we have that [W, Fi] — [W 7 Zi] g m and hence also in 
this case 

uj n (J[W,F 1 ],JF u F 2 ,...) = u n (F 1 , J[W,JF 1 ],F 2 ,...) = --- = . 
These facts imply that 

C jW Lu n (F u JF u F 2 , JF 2 ,...) = JW(h) . 

Using Jm p = m p and the fact that X(h) p — for any X £ g, we get (3.10). 

Now, the fact that p\p{Zj, m) = follows immediately from (3.9), (3.10) and 
from [6, m] C m. 

By Lemma l3~TT a') and (3.9), in order to determine Z p , it suffices to compute for 

P 6 -Frog 



. „ . 1 C n5r ~~^ n {F 1 ,JF 1 ,F 2 ,JF 2 ,...) 

Pp (X,JX)= Pp (X,JX)- J[XJX] 



2 u n {F 1 ,JF 1 ,F 2 ,JF 2 , 



(3.11) 



Now, given X E m, we put Y = [X, JX] and we write Y = Y m + £™i Y i z i + Y u 
where subscripts indicate ^-orthogonal projections onto the corresponding sub- 
spaces. Using (3.10) and 1\f = 0, (3.11) reduces to 

m 

p p (X,JX) = -—Y,Y t (jZ t (h))+—Lo n (J[Y t ,F 1 ],JF 1 ,F 2 ,....) + 

i=l 

+^ n (F 1 ,J[Y i , A], A,- ...) + ... . (3.12) 

Now, recall that [t, Fj] = for all 1 < i < m and that, for any 1 < j and any 
H G f) PI Q, where f) is the fixed CSA, 

J[H^ m ] = AhJ^Mp = -iaj(B)JG^\ p = iaj{H)F a .\ p . 
At the same time, for any W S spangjE^, (3 e R} n g, the bracket [W, F aj ] is 
always orthogonal to span R {F aj , G aj } . Therefore [W, F aj ) \ p has trivial component 
along the vector G aj \ p = JF aj \ p and J[W, F aj ]\ p has trivial component along the 
vector F a . . It follows that 

^w n (j[Pt, A], jA, A, ....) + ^"(A, jA], A, ....) + ■ • • = 

= _ 2K W "(^ l! ■ ■ • ' ^-F™> [Xfn fm+l]i JF m +l, An+2, . . .) — 
~2f^ U>n ^ 1 ' ' ' ' ' ^» n > Fm+l' ^[^6> F m +l], An+2! ■■••) — . . • = 



= - ^ ia(Y(,)=B(^,[X,JX]) . 

So, (3.12) reduces to p p [X,JX) = B (Y™ = x ^jjp-Zi + Z v , [X, JX]j and (3.7) 
follows. 

To check (3.8), it suffices to observe that for any j > 1, 

UJ p ( A+rn , JF j+m )=LU p (F aj , G aj ) = B(£) /j (p) + J w , [i^ , G aj ]) = 
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= B(Y, fi(p)Zi + I u ,iH aj ) = ]T fi(p)ai. + b aj 

i i 

and that h(p) = u p n {F 1 ,JF ll ...,F m , JF m ) • EL+i^ M F j, JF S ). Then the con- 
clusion follows from Lemma \'S. II (a,)M 



4. Canonical polytope of a Fano toric manifold 



In the following, let F be Fano and, as considered in the Introduction, for any 
T m -invariant Kahler form p £ ci(F), let us denote by u> p the unique Kahler form 
in ci(-F) which has p as Ricci form. In particular, also lu p is T m -invariant. Since 
bi(F) = 0, there is a moment map p, p : F — > t* which is uniquely determined up to 
a constant. We say that p p is metrically normalized if J f /j, p l)™ = 0. 

We now want to show that the convex polytope A FjP C t*, which is image of 
F under the metrically normalized moment map p p , is actually independent of the 
choice of p and it is canonically associated with F. For any Kahler form lu on F, 
we may construct the map 8^ : F — > t* defined by 

<U P (W0= f ^dWp(JW), Wet, peF, (4.1) 

where the divergence is defined by Cx^ n — div(A")o; n . Notice that the map (4.1) is 
well defined even when F is not Fano. Moreover, by standard facts on divergences, 
we have that for any point p € Fix(T m ) C F and Z £ t 

8 U \ P {Z) = \Tr{J o A z \ p ) , (4.2) 

where the Az\ p is the linear map Az\ p : T p F — > T p F defined by 

d 



A z \ p (v) = -($i(v: 



v e T P F , (4.3) 

t=o 

where $f is the flow generated by Z. In particular 8 UJ (Fix(T m )) does not depend 
on uj and it is uniquely determined just by the holomorphic action of T m on F. In 
the following, we will call the convex hull Ap C t* of the points of 8 UJ (Fix(T m )) 
the canonical polytope of (F, T m ). 

Let us now go back to a T" l -invariant Kahler form p £ ci (F) and to the Kahler 
form ujp, which has p as Ricci form. If we denote by g a p the components of the 
Kahler metric g = to p (-, J-) in a system of holomorphic coordinates, then the Ricci 
form p of uj p is equal to 

p= -^dd c \og{det(g a p)) 

and at any T m -regular point we have det(g a a) = f • h p , where / is the squared 
norm of a holomorphic function and h p = w™(Zi, JZi, . . . , Z m , JZ m ). Using the 
fact that C^ jjj p n — 0, we see that 

p(4 JZ k ) = -\jZ k [^^j = -\jZ k (div(JZi)) . (4.4) 

From (4.4) and Stokes theorem, one may check that the map (4.1) with u> = u) p 
coincides with the metrically normalized moment map p, p relative to p. From the 
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previous remarks it follows immediately that Ap, P = p, p (F) coincides with the 
canonical polytope Ap of F and hence it is independent of the chosen Kahler form 

Remark 4.1. Notice that when ui is a T m -invariant Kahler-Einstein form with 
Ricci form p = uj, the metrically normalized moment map /i p satisfies 

/ p pP m = f p p LU m = , 
J F J F 

so that the barycenter of is the origin. This obstruction to the existence of 
Kahler-Einstein metrics is known to be equivalent to the vanishing of the Futaki 
invariant (see |12llfi|V To the best of our knowledge, our characterization of Af in 
terms of the T m -action is new. 



5. Proof of the main theorem 



Let us fix a G-invariant Kahler form to on G/K and let £ be its associated 
element. Pick also a T m -invariant 2-form p £ c\{F) and let co p be the unique T n - 
invariant Kahler form in a fixed Kahler class, which has p as Ricci form. Denote 
also by p Up a fixed moment map relative to lo p . 

We now fix the fiber w~ 1 (eP) = F and define a 2-form ui on TM\f as follows: 
for p £ F, X, Y £ T P F and A, B £ m 

u p {X,Y)=u p \ p (X,Y); Q p (X,A)=0; Co p (A,B) = -fi Wp {p)(r([A, B] t )) , 

(5-1) 

where for every U £ q we denote by Ut the component along t w.r.t. the decompo- 
sition g = t © m. 

We now extend Co to a global G-invariant 2-form, still denoted by u>. We can eas- 
ily check that u) is J-invariant, using the fact that for any A, B £ m we have 
[A, -B] 3 (() = [JyA, JvB] } ay We claim that <D is also closed. It is enough to 
check that duj p (A, X, Y) = duj p (A, B,Y) = for any p £ F, since the condition 
doj p (A, B, C) — for A, B, C £ m follows immediately from the Jacobi identities in 
0. Since for any pair of vector fields Vt, V2, 

= C A Q{Vi,V2)=d(t A u>) (Vi,V a ) + du(A,Vi,V 3 ) , 

we are reduced to check that d {ijCo) (X, Y)\ =0 and d (i A oj) (B, Y) =0 for 

every X, Y £ T p F. Now, if we extend X, Y as arbitrary vector fields on F, we have 
on F 



d(i A u)(X,Y)\ = XQ(A,Y) ~YCj(A,X) - u>(A,[X,Y)) 
F p v 

by definition of Co along F. On the other hand 

d (i A Q) (B, Y) = BCo(A, Y) - YCo(A, B) 







= Co([B,A],Y) 
= &([B,A],Y 



p p 
YCo(A,B) =Q([B,A],Y) 



>(A,[B,Y]) 



d^(Y)(r([A,B] t )) 



,(X,[A,B] t ) = Co([A,B] t ,Y) -Q([A,B} t ,Y) 



p 
= 
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Now, for any sufficiently small e G K + , we may consider the G-invariant closed 
two-form u> e on M given by 

uj e = ir*Lu + e u> , (5-2) 

By Lemma f3. II and (5.1), the restriction to F of the algebraic representative of to t 
is 

m 

Z Ut = e*^2 fiZi + , where fi = p, UJp (T(Z l )) . (5.3) 

i=l 

Using Proposition 13. 21 we get that the restriction to F leg of the algebraic represen- 
tative of the Ricci form p e of u) e is given by 

m 
i=l 

where 

dcf JZj(det(f a . b )) dcf e ^ a> fjj 

01 " 2det(/ , 6 ) ' \ ai /+6a - ^ 

and 

/ij = f JZj(fi) = u! p (JZj,Zi) , a? a d = a(iZj) , 6„ = f a(iZ v ) . (5.6) 

We now notice that the map Z^ c \f = Y^iLi^^Zi defines a smooth closed G- 
invariant 2-form ipf. on the regular part of M by means of (3.1) and (3.5); we claim 
that ip € extends to a smooth global 2-form on M, which is cohomologous to 0. In 
fact, Z^ t \p can be written as 



\f=J2 JZ *Cf.)Z l , with I d ^ 1 log I J] (e 4 



f, 



By the fact that b a > for every a G , if e is sufficiently small, the function / e is 
a well-defined if -invariant function on F and it extends to a G-invariant function 
on M, which we still denote by f e . Therefore, by Lemma fo.lf b). it follows that ifj e 
coincides with the globally defined, two-form —dd°f e for any e sufficiently small. 

From this we immediately get also that, for e small, the Ricci form p e is coho- 
mologous to the two-form p Q G c\ (M) given by 

p = p e - ip e = p e + dd c f e , 

whose algebraic representative on F les is equal to 

_ ^ JZj(det(/„, 6 )) 
Z "-^ 2det(/ a , fc ) Z ' + Zv - (5J) 



From (5.6)i and (4.4) , we may notice that 
JZ,-(det(/ , 6 )) 



2det(/„, 6 ) 



1 div(J^)) . (5.8) 



2 



Consider a basis (Wi, . . . , W m ) for t and a basis (Zi, . . . , Z m , . . . , Zjv) of 3(6), 
which is S-orthonormal and extends the set (Z\, . . . , Z m ); let also (W-f , . . . , W^) 
and (Z*, . . . , Z^,) be the corresponding dual bases of t* and 3(8)*, respectively. We 
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set C = [c l j] to be the matrix defined by r(Zj) = J^i c )Wi with cj = for j > m+ 1 
and observe that t*{W*) = YJLi 4 Z i- Then > b y ( 5 - 8 )> we § et that on F 



| JZj(det(/a,fc) 

2det(/ 0l6 ) ZjV 



_ \p JZj(det(/ a ,;,)) 
^ 2det(/ a , 6 ) J 



- E = ^EdivWK(W) = t*Mp , (5-9) 

j,t — i t — i 

where the last equality is meaningful whenever p is non-degenerate. Using Lemma 

13.11 (a) and (4.4), we see that on F rog 

p (JZ u Z 3 )\ F ^ = JZi ( ^eS^ ) = K^),^)) ( 5 - 10 ) 

so that Po|tf = P- Moreover, in case p is non-degenerate, we also have 

Z y po \ F = Z^+T*pi p . (5.11) 

Let us now prove the sufficiency of conditions in Theorem 1.1. Assume that 
(1.1) holds and that F is Fano with p > 0. We want to show that p > 0. Indeed, 
from (5.10) and the fact that the vector fields A, A £ m, are p Q -orthogonal to 
TF at all points of the fiber, we have that p Q is positive if and only if the matrix 
{po{F a , JFp)\ is positive definite at every point of F = n~ 1 (eK). We now observe 

that the functions p (F a , JFp) vanish if a ^ /?, so that we are reduced to check 
that 

p o {F a ,JF a )=ia(Z Po )>0 (5.12) 
for any a £ and at any point of the fiber F. From (5.11), this turns out to be 
equivalent to (1.1). 

Now, let us assume that Ci(M) > and let p\ £ c\(M) be G-invariant and 
positive. Being p\ cohomologous to p and by (5.10), we have on F 

Pi(Zi, JZj)\ F = p {Z i ,JZ j )\ F + dd?<t>(Zi,JZj)\ F = 

= p(7(Zij, f^Z/j) + dd c (0| F ) (HZij, JHZ^)) 

for some G-invariant function <f> on M. From this it follows that P\\tf is a positive 
2- form in C\(F). 

Now, let us assume p to be positive, so that the last equality in (5.9) is mean- 
ingful. Recall that, by Lemma 13. II (b), the algebraic representatives of p\ and p , 
restricted to F, differ by a map Z^ so that Z$\p — — JZi{<j))Zi, for some K- 
invariant smooth function (j> : F — ► R. In particular, at the T m -fixed points of F, 
the algebraic representatives of pi and p coincides. On the other hand, we note 
that Z P1 \ F is the (— i3)-dual of a moment map for the action of Z(K) on F w.r.t. 
Pi\tf, and therefore Z P1 (F) C }(t) is a convex polytope with vertices given by 
Z Pl {F z ^ K ')\ by the previous remark we see that Z P1 (F) — Z Po {F). By the fact 
that for any a £ i?+ 

pi{X a , JX a )\ F = ia(Z pi \ F ) , 
we have that Z pi (F) = Z Po (F) C C and hence that Z y (F) = Z^ + A TjF C C v . 
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6. Examples 



1. The Hirzebruch surfaces F n (n £ N) exhaust all the homogeneous toric bundles 
M over flag manifolds when dime M = 2. The surface F n can be realized as the 
homogeneous bundle SL(2, C) x^CP 1 over V = CP 1 = SL(2, C)/B; here B is the 

standard Borel subgroup of SL(2, C) given by B = | a -i^ ^ SL(2,C)| an< ^ 

t : B — ► C* is given by r( J*_A )=a n , where C* acts on CP 1 by ( i-> a( for 

a £ C* and C £ CU {oo}. 

It is well known that F n is Fano if and only if n = 0, 1 (see [2])- This property 
can be very rapidly established also by means of our Thcorem ll.il In fact, using 
our notation and identifying 3 (I) = 6 with R by means of the map R 9 x 1— > 
diag(ix, — ix) £ su(2), we have that Zy = — 1/4 and C = {x < 0}. Then, it is quite 
immediate to check that — S _1 (A r CP i) = [— f , § ], so that F n is Fano if and only 
if + [~f , f ] C < 0}, i.e. n<2. 

2. Let us now assume that F = CP™ and that T m is the standard maximal torus 
of SU(m + 1), so that (T m ) c coincides with the subgroup of diagonal matrixes in 
SL(m+ 1, C). Let us also denote by C — [c?] the matrix with dot C ^ with entries 
Cj defined by t{Z{) = 53 j= 1 rfWj, where the Wj are the matrices in t defined by 

def 1 

Wj = • diagf— i, . . . , mi , . . . , —i) etc su(m + 1) . 

J m+1 (j + l)-th place ' V ' 

In this case, the canonical polytope is the convex polytope with vertices 

m 

Qo = - W 3 ' Qr = Qo + (m + 1)W* , 1 < r < m . (6.1) 
j'=i 

So, condition (1.1) amounts to say that all the points = Z v — Y2Tj=i ^i Z i an< i 
P r v = P c v + (m + l)J2T=i c r j Z J^ 1 < r < m, are in C v , or, equivalently, that the 
points 

m m 

P = - 4 z i > p r = Po + (m + cT i Z i > l<r<m, (6.2) 

S>J=1 3=1 

are all in C. 

Let us now construct explicitly an homogeneous toric bundle with Ci(M) > 
and fiber F = CP 2 . Consider the classical group G = SO(4n) with B(X,Y) = 
2(2n — 1) Tr(XY); we denote by hi, 1 < i < 2n, the elements of g = so(4n) given 
by hj = £21,21+1 — £-2i+i.2i, where -Ey denotes the matrix whose unique non trivial 
entry is 1 and in position Given J\ = Y^i=i hi and J2 = Y^i= n +i hi, we may 

consider the flag manifold G/K = Ad(G) • (Ji +2J 2 ) ^ SO(4n)/U(n) x U(n). Using 
standard notations for the roots, we have that 

= {ui + ujj, 1 < i < j < 2n} U {u)j — 1 < i < n < j < 2n} . 

We may consider Zi = — . Ji and the homomorphism t : K —> SU(3) with 

2\/n(2n — 1) 

T lif as = e an d T ( z i) = wrtn °i = — / j ' Since Z 2 G C, by (6.2) we have 
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that the manifold M = G Xk, t CP 2 is Fano if and only if 



p = z v -J24z t = z, 



'in 



*,3 



sj±n(2n - 1) 



(Z 1 + Z 2 ) 



( 



4(2n- 1) 



2n ^ 



l<«<j<2n 



l<i<n 
n+l<i<2n 



and 



Pi = Po + 



9n 



= Z! = P 



V4n(2n-1) * " " ' 4(2n - 1) 
are both in C. A direct inspection shows that this occurs if and only if n > 5. 
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